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Abstract 

Nonlinear systems, such as switching DC-DC boost or buck converters, have rich dynamics. 
A simple one-dimensional discrete-time model is used to analyze the boost or buck converter in 
discontinuous conduction mode. Seven different control schemes (open-loop power stage, voltage 
mode control, current mode control, constant power load, constant current load, constant- 
on-time control, and boundary conduction mode) are analyzed systematically. The linearized 
dynamics is obtained simply by taking partial derivatives with respect to dynamic variables. In 
the discrete-time model, there is only a single pole and no zero. The single closed-loop pole 
is a linear combination of three terms: the open-loop pole, a term due to the control scheme, 
and a term due to the non-resistive load. Even with a single pole, the phase response of the 
discrete-time model can go beyond -90 degrees as in the two-pole average models. In the boost 
converter with a resistive load under current mode control, adding the compensating ramp has 
no effect on the pole location. Increasing the ramp slope decreases the DC gain of control-to- 
output transfer function and increases the audio-susceptibility. Similar analysis is applied to the 
buck converter with a non-resistive load or variable switching frequency. The derived dynamics 
agrees closely with the exact switching model and the past research results. 
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Table 1: Summary of seven schemes analyzed. 
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1 Introduction 

Nonlinear systems, such as switching DC-DC boost or buck converters, have rich dynamics. Many 
efforts have been made in the past three decades to analyze the boost converter power stage in 
discontinuous conduction mode (DCM) based on average models [THE]. Fewer efforts [9l-lllj have 
been made to model the boost converter under current mode control (CMC) in DCM. The analysis 
of the DCM is generally believed to be complex because DCM has three stages in a switching cycle. 
Combination of CMC and DCM further increases the complexity. Adding a non-resistive load also 
increases the complexity [12]. This paper presents an alternative and accurate modeling in addition 
to the average models. 

Similar modeling approach has been applied to the fixed-switching-frequency buck converter 
with a resistive load [13]. Compared with [13], this paper makes three additional extensions. First, 
it extends to the boost converter. Second, it extends to the non-resistive load case. Third, it 
extends to variable switching frequency control. This paper focuses on the boost converter. 

In [13], a discrete-time model for the boost converter power stage in DCM is proposed. The 
model accurately predicts subharmonic oscillation in a boost converter with proportional voltage 
feedback |15j . However, its potential advantage has not been fully appreciated. In this paper, the 
discrete-time model is applied to analyze the boost and buck converters in seven different schemes 
in a unified way (summarized in Tabled]): open- loop power stage, voltage mode control (VMC), 
current mode control, constant power load (CPL), constant current load (CCL), constant-on-time 
control (COTC), and boundary conduction mode (BCM). 

In the past, the analysis of these different schemes were reported in separate references [Il[3]- 
[71[9 HT2l[T6HT8] . instead of in a single reference as this paper. Here, the linearized dynamics of 
the discrete-time model is obtained simply by taking partial derivatives with respect to dynamic 
variables. In the discrete-time model, the pole will be shown to have a simpler expression and is 
a linear combination of three terms: the open-loop pole, a term due to the control scheme, and a 
term due to the non-resistive load. The discrete-time model provides a simpler alternative to design 
or analyze the converter different from the circuit-averaging approach [TU]. The same methodology 
developed here can be extended to analyze other types of converters [13l[19], or applications, such 
as power factor correction and digital control of DC-DC converters directly based on discrete-time 
dynamics. For example, as shown in this paper, similar analysis can be readily extended to analyze 
the converter with a non-resistive load. 

This paper presents theoretical analysis of already experimentally observed phenomena in [5l[9l 
[T2lll5I[T7ll20ll21| . Seven simulation examples based on the exact switching model have been made. 
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Figure 1: A boost converter power stage. 



All the obtained results agree coherently with the past observations, and they are verified by the 
exact switching model. The analysis of the seven different schemes is presented next. For each 
scheme, the flow of analysis is as follows. 

1. Identify the dynamic variables. 

2. Identify the feedback variables. 

3. Derive the switching constraint (when the switch is turned on/off). 

4. Derive the large-signal dynamics. 

5. Using partial derivatives, derive the small-signal (linearized) dynamics. 

6. Determine the pole, control-to-output and audio-susceptibility frequency responses. 

This paper has three parts. In Part I, the boost converter with resistive load is analyzed, and 
similar results [13] for the buck converter are reviewed. In Part II, pole shifting due to non-resistive 
load is analyzed. In Part III, variable frequency control is analyzed. At the end of each part, the 
key results are summarized in a table. 



Part I 

Open/Closed-Loop Dynamics, VMC, and 
CMC 

2 Scheme One (§i): Open-Loop Power Stage 

Consider a boost converter power stage (Fig. [1]) with a switching frequency fs and a switching 
period T = 1/ fs- Let Us = 27r/<j. Denote the source voltage as Vs, the capacitor voltage as v, the 
inductance as L, the capacitance as C, and the equivalent series resistance (ESR) as Rc- The load, 
either resistive or non-resistive, has a steady-state effective resistance R. If the load is non-resistive, 
the dynamic resistance in the n-th cycle is denoted as Rn- 

2.1 Nonlinear Discrete-Time Model 

In DCM, there are three stages in the switching period. Let the durations of the first and the 
second stages be DT and D2T, respectively. The inductor current ii is zero in the third stage, and 
one discrete-time pole is zero [22]. The discrete-time dynamics is thus one-dimensional. 

Throughout the paper, to simplify the dynamics, all continuous-time variables are sampled at 
the beginning of each cycle. A subscript n is used for a dynamic variable of the n-th cycle. For 
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Figure 2: An illustrative signal plot of ij^ in each cycle for DCM. 



Vn+1 = f{Vn,Vsn,Dn,Rn) 



Figure 3: Open-loop power stage large-signal dynamics. 



example, Dn denotes the duty cycle in the n-th cycle. Also, tr ailing-edge modulation (where the 
switch is turned on at the beginning of each cycle) is assumed. An illustrative signal plot of 
is shown in Fig. [2j The nonlinear large-signal discrete-time model (mapping) reported in [T3] is 
rearranged here as 



Vn+l = f{Vn, Vsn, Dn, Rn) = (1 " PnKnjVn + 



B 1? D 



(1) 



where Kn = 2L/RnT, = PnT'^ f^LC , and pn = Rn/{Rn + Rc)- The model dynamics is shown in 
Fig. [3l Note that Kn, (in, and pn are dimensionless variables. Also note that Kn, (3n, and p„ 
are dynamic variables (varying in each cycle) if the load is non-resistive. If the load is resistive, they 
are constant and denoted as R, K, (3, and p, respectively. The short notation Vsn, instead of Vg^n, 
is used for brevity. This applies to other variables. For Rc = 0, pn = 1- Here, under fixed switching 
frequency, T is constant. In Sec. IIIIl under variable switching frequency, and the switching period 
is a dynamic variable, denoted as T„. 

2.2 Steady-State (Fixed-Point) Analysis 

In steady state, let (fixed-points) Dn = D, Rn = R, Kn = K = 2L/RT, pn = p = R/{R + -Rc), 
Pn = /i = pT'^/2LC, Vsn = and Vn+i = Vn = V = Mvg, where M is the conversion ratio |10] . 
Then ([T]) leads to a steady-state equation. 



n2 

- M - — = 
K 



(2) 



which is a quadratic equation of M and has two solutions. Ignoring the negative solution, one has 
the same result as in jlO|, p. 124], 



M 



l + ^l + AD^K 



(3) 
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Assume ESR is small. By simple algebra based on the steady-state inductor current slopes, one 
has 

D2 Vs 1 



D v,-v l-M 



(4) 



Using ([3]) and 0, one has D2 = KM/D and D = (M - l)D2 = yjKM{M - 1). These equations 
greatly simplify the linearized dynamics and are used throughout the paper. 

2.3 Limitation on the Input Space 

The nonlinear dynamics ([T]) is derived under the assumption that the converter operates in DCM, 
not all inputs {vn,Vsn, Dn, Rn) = {v,Vs, D, R) are legitimate, unless an additional CCM model is 
included. An input {v,Vs,D,R) which makes the converter leave DCM is illegitimate. Assume 
that the variation of the capacitor voltage v is small within a switching period T, then D2/D = 
Vs/{v — Vs) = 1/(M — 1). The converter operating within DCM requires -D + D2 = Dv/{v — Vs) < 1, 
which leads to the following limitation on the input space {v,Vs, D, R) for the mapping ([T]) to be 
legitimate: 

2.4 Linearized Open-Loop Dynamics 

A hat " is used to denote small perturbations (e.g., Vn = Vn — v and Dn = Dn — D). For a resistive 
load, Rn = R — R = 0. The effect of a non-resistive load will be discussed later. The linearized 
open-loop dynamics is 

df ^ df ^ df ^ 

Vn+l = ^ Vn + ^ Vsn + TTJ^Dn (6) 

dVn OVsn oDn 

pT,2M-l,,^ pTM ,2M -1,^ ,2pTMvs,^ 

:= poVn+TsOVsn + ^coDn (8) 

where the open-loop pole is 

pT ,2M - 1, 

The converter is stable if |po| < 1- Saddle- node bifurcation [23] occurs when pQ = 1, and subhar- 
monic oscillation (period-doubling bifurcation) occurs when pQ = —1. 

In |101 p. 427], the negative continuous-time pole is ujp = (2M — l)/i?C(l — M), equivalent 
(through a mapping) to the discrete-time pole po ^ ^'^^'^ if T <C RC and R(. <^ R. Thus, given a 
discrete-time pole Q, one can easily obtains its corresponding continuous-time pole. 

2.5 Agreement with the Exact Switching Model 

In |24] . based on the exact switching model, the exact value of the discrete-time pole po is obtained, 

= e-^-=(^-^)e-^"'(^)((^^^^^) smipojid2 - di)) + cos(pu;((i2 - di))) (10) 

where di = DT, d2 = {D2 + D)T, and 

, , 1 , Rc 



6 



For a small 6, e ^ 1 + 6, sm{9) ~ 6 and cos(0) ~ 1 — 0^/2, then the exact discrete-time pole (jlOp 
becomes ([7]). This shows that the derived linearized model although based on the approximate 
nonlinear model ([1]), is close to the exact switching model. 

2.6 Open-Loop Frequency Responses 

The output voltage is close to pv. In the power stage, Dn is the control variable to control the 
output voltage. Given the dynamics ([8]), the open-loop control-to-output transfer function is 

r„,(.) H£l . j£iL (12) 

D{z) z-po 



As discussed above, D = yjKM{M - 1). The DC gain, agreed with [TOl p. 427], is 

Similarly, the open-loop audio-susceptibility (source-to-output transfer function) is 

Tosoiz) := 4^ = ^ (14) 

Vs{z) Z-po 

and the DC gain of audio-susceptibility is 

Tosoil) = -f^ = pM (15) 

agreed with [2]. 

Given a transfer function in the z-domain, say T(z), its DC gain is T(l), and its effective 
frequency response is T{e^'^'^), which is valid in the frequency range |a;| < uis/2 (half the switching 
frequency). Different from a single-pole continuous-time system, in which the phase response 
cannot go beyond -90 degrees, a single-pole discrete-time system has phase response beyond -90 
degrees [22], giving similar results as in too-pole average models [SHS] as shown in the next example. 

Example 1. {The frequency response of the discrete-time model agrees with the experimental results 
reported in |^.) Consider a boost converter power stage from [5] with parameters fs = 100 kHz, 
t;, = 5 V, = 20 f], L = 5 ^H, C = 40 /xF, = 0, and D = 0.7. 

The pole from ^ is 0.9703. The exact pole from (jlOp based on the exact switching model [2^ is 
0.9707. Both agree closely. Throughout the paper, the exact switching model means the circuit as 
in Fig. [T]with the ideal switch, where the exact switching instants depend on the particular control 
scheme. Simulation based on the exact switching model is expected to be accurate as other circuit 
simulators such SIMPLIS, PSIM and SABER. 

The control-to-output frequency response of the discrete-time model (jl2p is shown in Fig. U 
compared with that of the average model in [5] . The frequency response of the discrete-time model 
matches well with the experimental data (reproduced and marked as * in Fig. reported in [5] 
based on SABER simulation. This example shows that the discrete-time model, even though with 
only one pole and no zero, still gives accurate frequency responses. 

Here, both the discrete-time model and the average model in [5] agrees closely with the exact 
switching model. In this example, the average model has good agreement because the discrete-time 
pole here is real positive. With additional feedback as discussed later, the closed-loop discrete-time 
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Figure 4: Control-to-output frequency responses of discrete-time model (solid line), average model 
[5] (dashed line) and experimental data marked as *. 



pole may be real negative, and the converter is oscillatory [T3]. In that case, the discrete-time 
model would give more accurate results than the average model (as shown in Example 2 with 
voltage feedback). In the average model of the boost converter, if the ESR zero is located between 
the two poles in the complex plane, the root loci of poles would remain on the real axis, and the 
converter with any feedback gain is not oscillatory. However, if the ESR zero is located to the left 
of the high-frequency pole in the complex plane, based on the root locus, the converter may have 
complex poles, but the oscillation frequency is not subharmonic (contradicting to simulations or 
real circuit experiments shown in Example 2 or [H]). Therefore, the average models are accurate 
only in some conditions (when the discrete-time pole is real positive) as reported in jl3j . whereas 
the discrete model does not have such a limitation. □ 



3 General Closed-Loop Dynamics with Non-Resistive Load 
3.1 The Pole is a Linear Combination of Three Terms 

For a closed-loop converter, another switching constraint associated with the duty cycle is placed 
on the power stage dynamics ([T]). Generally, the constraint can be represented directly in terms of 
the duty cycle as a function of other variables, 

Dn = D{ Rn) (16) 

where, in VMC, the control variable Vcn controls the output voltage; while in CMC, the control 
variable Vcn controls the peak inductor current. The closed- loop dynamics is shown in Fig. [5j 

Generally, the dynamic load Rn can be represented as a function of the capacitor voltage Vn, 
Rn = R{vn)- For general cases about other switching constraints or other load representations, 
similar dynamics can be derived and are omitted to save space. 

From ([1]) and (|16p . the linearized closed- loop dynamics is 

""^^ dVn dDn dVn ORn 9f„ " dVgn dDn OVgn dDn OVcn 

:= pVn+TsVsn + ^c^cn (18) 
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Figure 5: Closed-loop large-signal dynamics. 

where p is the closed-loop pole and can be expressed as a combination of three terms: 

df df dP df dR 

^ dVn dDndVn ORn dVn 

:= po + Apc + Api (20) 

where Apc = {d f / dDn){dD / dvn) denotes a pole shifting due to the closed-loop control scheme, 
and Api = {d f / dRn){dR/ dvn) denotes a pole shifting due to the non-resistive load. Note that 
the term Apc depends on the control scheme, and may be converter-dependent, whereas the Ap/ is 
generally converter- independent. If the load is purely resistive, one has dR/dvn = and Api = 0. 
Note that a resistive load affects the pole location through R, as shown in Q, not through Api. 

3.2 Closed-Loop Frequency Responses 

Given the dynamics (jlSp . the closed-loop control-to-output transfer function is 

Vc[Z) Z-p 

Similarly, the closed-loop audio-susceptibility (source-to-output transfer function) is 

T..(.) := 4^ = ^ (22) 

Vs{z) Z-p 

Compared with other modeling approaches, the discrete-time modeling is simpler. Given a 
converter with a particular load under a particular control scheme, the discrete-time pole is just a 
linear combination of different terms. The dynamics for the boost converter under fixed-switching- 
frequency VMC or CMC with a resistive load is presented next, followed by the non-resistive load 
case in Sec. O and the variable-switching-frequency case in Sec. IIIII 

Given a particular control scheme, the first step of analysis is to determine the switching con- 
straint ()16p . Once the constraint is obtained, the closed- loop dynamics and pole can be easily 
obtained from ([IS]) and i^. 



4 Scheme Two (§2): Voltage Mode Control (VMC) with Resistive 
Load 

Consider a VMC boost converter shown in Fig. [6l Assume that the output voltage variation is small 
within a cycle and Rc is small. Consider a voltage feedback with a gain g. Let the ramp amplitude in 
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ramp h{t) = Vh(^ mod 1) 

{!>.-(>- «c 



Figure 6: A boost converter under voltage-mode control. 



the PWM module be Vh and the reference voltage be Vc- The duty cycle is determined by equating 
the voltage loop output g{vc — Vn) to the ramp DnVh at the switching instant, g{vc — Vn) = DnVh 
It is rearranged in terms of the duty cycle Dn as a function of Vn-, 

Dn = DM ^ 9iVc_Vr^ (23) 

It is a simple state feedback and the linearized closed- loop dynamics is i)n+i = P^n + ^ s^Vsm where 
the closed-loop pole is p = po + ^Pc = Po ~ g^co/^h- The converter is stable if — 1 < p < 1. Since 
Apc here is generally negative, which may shift the pole to the left and make the pole p = Po + Apc 
to be negative. Subharmonic oscillation occurs when p = po — g^co/^h < — 1) rearranged as 

, > (24) 



Example 2. (The discrete-time model gives better prediction of gain margin than the average 
model.) Consider a VMC boost converter from |15j with parameters fg = 3 kHz, Vs = 16 V, 
R = 12.5 n, L = 208 /xH, C = 222 fiF, = 0, and output voltage u = 25 V. It is shown in [H] 
that subharmonic oscillation occurs when g > 0.08 by simulation based on the exact switching 
model. 

From (j24p . the critical gain (when the subharmonic oscillation occurs) is 0.076. Thus, a feedback 
gain greater than 0.076 is expected to be destabilizing, which agrees with the simulation result 
in |15j noted above. With g = 0.076, the closed-loop discrete-time pole is -1.08, indicating that the 
converter is oscillatory at the half switching frequency (9424.9 rad/s). 

Next, the frequency responses of the discrete-time model and the average model are compared. 
It will be shown that the discrete-time model gives more accurate results. The control-to-output 
frequency response of the discrete-time model (j2ip is shown in Fig. [TJ compared with that of the 
average model based on [3]. The gain margin of the discrete-time model is -22.4 dB (corresponding 
to g = lO"^^-^/^'^ = 0.076) at the half switching frequency. The gain margin agrees with the exact 
switching model reported in [15]. 

In contrast, the gain margin based on the average model [S] is -9.28 dB (corresponding to 
g = io~^-2^/2'' = 0.3436) at frequency 15900 rad/s, which does not accurately predict the critical 
gain for the subharmonic oscillation. With g = 0.076, the closed-loop poles of the average model 
are —4508.3 it 7115. 2z, which are sta6/e with a iransieni oscillation frequency at 7115.2 rad/s. This 
contradicts with the simulation that, with g = 0.076, the converter is unstable with a (subharmonic) 
oscillation frequency at 9424.9 rad/s. In this example, the discrete-time model gives more accurate 
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Frequency (rad/sec) 



Figure 7: Control-to-output frequency responses of discrete-time model (solid line) and average 
model (dashed line). The gain margin -22.4 dB predicted by the discrete-time model is more 
accurate than the gain margin -9.28 dB predicted by the average model. 



results than the average model both qualitatively (about the stability) and quantitatively (about 
the oscillation frequency). □ 

5 Scheme Three (§3): Current Mode Control (CMC) with Resis- 
tive Load 

In CMC shown in Fig. [8l let the compensating ramp slope be ma and the inductor current slope in 
the first stage of each cycle be mi = Vs/L. The duty cycle is determined by these two slopes and 
the control variable Vcn (which controls the peak inductor current): 

Dn = D{Vsn, Vcn) = ^( J^'^ (25) 

This feedback control law adds a nonlinear constraint to the discrete-time dynamics ([T|). As noted 
in [9] for the boost converter in DCM, CMC adds feedforward from Vs but adds no voltage feedback. 
Since Dn is not a function of f„, one has Apc = {d f / dDn){dD / dvn) = and p = pQ. The pole 
for CMC is the same as the open-loop power stage pole, agreed with [U]. The results for CCM and 
DCM are different. In CCM, CMC does add state feedback. In contrast, in DCM, the CMC control 
law (p5|) does not add any state feedback because the initial current at the beginning of each cycle 
is zero. 

5.1 Linearized Dynamics 

Let rric = 1 -|- nia/mi as in [S]. Taking partial derivative of (|25|) with respect to v^n and Vgn, the 
constraint (j25p has linearized dynamics, 

dD dD , 1 ^ n 

Dn = ^ Vcn + ^ Vsn = [7^ \Vcn " \Vsn (26) 

dVcn OVsn Tmimc VsTUc 

The closed-current-loop linearized dynamics, d?]) with (j26p . can be simplified as 

pTM.2M-l 2_ . pTD _ 

Vn+l = PoVn + ITT ] Fsn + [jT7T7 T\ "^^^ (27 

RC M — 1 nic C{M — l)mc 
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Figure 8: A boost converter under current-mode control. 

5.2 DC Gains and the Effects of the Compensating Ramp 

From ()2ip and (j27p . the DC gain of control-to-output transfer function, agreed with [9], is 

r„,(i) = ^ P^^^ (28) 

^ ' (2M-l)mc ^ ^ 

Compared with (jl3p . for no compensating ramp added {nic = 1), the DC gain for CMC is larger 
than that for the power stage if L > Tvg. However, since nic > 1, adding the ramp or increasing 
the ramp slope decreases the DC gain. 

From (|22p . the DC gain of audio-susceptibility is 

Tosil) = pM{l - ) <pM = Tosoil) (29) 

{2M — l)mc 

The audio-susceptibility for CMC is smaller than that for the open-loop power stage (see (jlSp ). 
However, based on (j29p . one has dTos{l)/dmc > 0, and increasing the ramp slope increases the 
audio-susceptibility. From (j29p . the DC gain of audio-susceptibility is nulled if mc = 1 — 1/(2M — 1). 
Since M > 1 for the boost converter, a negative ramp (with rric < 1) is required to null the audio- 
susceptibility. 

Without the ramp compensation (mc = 1), (f29]l becomes 



n.m = ^ (30) 

which is close to 1/2 for a large M. 

Different from the CCM case, the effects of the compensating ramp for DCM are summarized. 
First, since the pole location in DCM is not shifted by CMC, adding the ramp also does not shift 
the pole and does not affect the stability. Second, increasing the ramp slope decreases the DC gain 
of control-to-output transfer function. Third, increasing the ramp slope increases the DC gain of 
audio-susceptibility. These three effects raise the question whether the ramp is needed for the boost 
converter in DCM. The ramp, beneficial in CCM to stabilize the current loop, may be unnecessary 
in DCM since the current loop itself is not oscillatory. The need of the ramp is also questioned for 
the buck converter in DCM |13| . 

Example 3. Consider a CMC boost converter with parameters fs = 700 kHz, Vs = 12 V , R = 24 
n, L = 1 pR, C = 125 /iF, Rc = 0, and output voltage u = 24 V. 
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Figure 9: Control-to-output frequency responses of discrete-time model (solid line) and average 
model [9] (dashed line). 



The control-to-output frequency response (j21|) is shown in Fig. compared with that of the 
average model reported in which was shown in agreement with the experimental results. Both 
have similar magnitude frequency responses. The discrete-time model generally has a larger phase 
lag close to the half switching frequency. This can be explained by the fact, in the discrete-time 
model, the output is measured at the start of the period (i = nT), while the control is exerted at 
t = nT + DnT (with a delay). The discrepancy can be mitigated if the output is also measured at 
t = nT + DnTm\. □ 



6 Buck Converter with a Resistive Load: A Short Review 



Similar results for the buck converter based on [T3] are summarized here for completeness and also 
for comparison. From |13j . the nonlinear large-signal discrete-time dynamic for the buck converter 
in DCM is 



Vn+i = (1 - (3K)vn - f3v,Dl{l - ^) 

Vn 

The open-loop power stage pole for the buck converter, agreed with [lOl p. 427], is 

pT 2 - M 



Po 



1 



RC'l- M' 

From [13], the pole for the CMC buck converter, agreed with [9l[T0], is 

pT 2M ^ ^ pT 2-M- 



(31) 



(32) 



p = Po + = Po + 



1 



2M 



RCiTicl-M' RC 
With no compensating ramp, rric = 1, and the CMC pole is 

pT 2 - 3M 



1 - M 



1 



RC^ I- M 



(33) 



(34) 



The pole p4p is greater than 1 (unstable) for M > 2/3, implying occurrence of saddle-node bifur- 
cation [13]. The possibility of instability for M > 2/3 was also reported in [9l[T0]. 
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Table 2: Summary for the power stage and CMC for boost and buck converters, some agreed with 
past research results OElIinilM] • 

Boost converter Buck converter 



Pov^er stage 










Pole, Po 


1 pT j2M-l\ 
^ RC\ M-1 ) 


m 


I pT / 2-M \ 

^ rc\i-m) 


m 


DC gain, Toco{l) 


2pv / M-1 \ 
D \2M-l) 


m 


2pMvs (l-M\ 
D \2-M) 


m 


Audio-susceptibility, Toso{l) 


pM 


m 


M 


m 



CMC 



Pole shifting, Apc 
Pole, p = po + ^Pc 



rric = 1 (no ramp) 

DC gain, Todl) 

rric = 1 (no ramp) 
Audio-susceptibility, Tos{^) 

rric = 1 (no ramp) 



A summary for the power stage and CMC for boost and buck converters is given in Table [2j 

Part II 

Pole Shifting due to Non-Resistive Load 

7 Boost Converter 

With a non-resistive load, either under open loop, VMC or CMC, the pole is shifted by Ap; as 
discussed in Sec. [3l Two different loads, CPL and CCL, are considered. 

7.1 Scheme Four (§4): Boost Converter with a Resistive Load in Parallel with 
CPL 

Let the load be a resistive load Ro in parallel with a CPL (with a constant power P) as shown in 
Fig. [TUJ Assume that the output voltage variation within a cycle is small and ESR is also small, 
then the effective resistance of the CPL is close to v^/P. The total load resistance (as a function 
of Vn) is Rn = R{vn) ~ Rq \\ (Vn/P) = R^Vn/ {Ri)P + v^i)- For i?o = oo. One has Rn = v\lP and 
the load is a pure CPL. For P = 0, Rn = Rq and the load is a pure resistor. 



n / 2M 

unstable if nic < ^rjj 

pT f2-3M\ 



-M 



unstable if M > 2/3 [9j 

pRD [H] R{l-M) 

(2M-l)m, !^ Mmc{2-M-^) 

pRD R{1~M) 

2A/-1 A/(2-3M) 

nM(^ JiM^) M(2-Af-^) 

pM AP 

2A/-1 3A/-2 
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Figure 10: A boost converter power stage with CPL and resistive load Rq. 

In steady state, the effective resistance is R = Rqv^ /{RqP + v"^), which leads to 

1 ^ _ P 
R~Ri^~v^ 

From 



(35) 



df dR 2pT 1 1 2pTP 
= dR^^d^r. = ^^R ~To^ = -^ ^''^ 
which is independent of Rq. Note that, as discussed above, a resistive load such as Rq affects the 
pole location through the effective resistance R as shown in ([9]), not through Api. Also note that, 
with a small R or Rq, the converter may not operate in DCM, and the DCM analysis does not 
apply. For P = 0, one has R = Rq and Api = because with a resistive load, the pole is not shifted 
by an additional term. 

As noted above, for the CMC boost converter, Ap^ = 0. With CPL, the poles for the power 
stage and CMC are the same. 

From ([9]) and (p6]) . for either the power stage or CMC, 



^ pr,2M-l, 2pTP ^ pT, 1 , 2pT 

When the load is a pure CPL {Rq = oo and the total effective resistance R = v'^/P), for example, 
the converter is generally stable (with p < 1) and agreed with |12j . Subharmonic oscillation (with 
p < —1) may occur if M < 1 + pT/2RC (close to 1), which is rare because another condition [10] 
with M > 1/(1 — D) for the boost converter is required in DCM. 

7.2 Scheme Five (S5): Boost Converter with a Resistive Load in Parallel with 
CCL 

7.2.1 General Case 

Let the load be a resistive load i?o in parallel with a CCL (with a constant current Iq) as shown 
in Fig. [TTJ This load can model a light emitting diode (LED), and the boost converter is an LED 
driver. Assume that the output voltage variation within a cycle is small and ESR is also small, 
then the effective resistance of the CCL is close to Vn/Io- The total load resistance (as a function 
of Vn) is Rn = R{vn) ~ Rq \\ (vn/Io) = Rf)Vn/{RoIo + Vn). For Rq = OO, One has Rn = Vn/Io and 
the load is a pure CCL. For /q = 0, one has i?„, = Rq and the load is a pure resistor. 
From (gDD, 

pT I 1 pTIp 
= ^^R-R^^ = ^ 

For Iq = 0, one has R = Rq and Api = because with a resistive load, the pole is not shifted by an 
additional term. If lo > 0, then Api > and the pole is shifted to the right. If Iq < 0, then Api < 
and the pole is shifted to the left. The effect of CCL on the power stage or CMC is discussed next. 
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Figure 11: A boost converter power stage with CCL and resistive load Rq. 



From ([9]) and (j38p . for the power stage or CMC, 

pT 2M-1 pTIo pT ^ M ^ pT 

^, = Po + A^., = l-— (^^) + -^ = l-— (^)--^ (39) 

Based on (I39p and the fact that 1/R = I/Rq + Io/v, one can prove that for Iq < Vs{l — 2M)/Rq, 
one has p > 1 and the converter is unstable with occurrence of saddle-node bifurcation. The 
occurrence of this condition may be rare because -R < is generally required. For > and /q < 
(or iio > 0), one has p <1 and the saddle-node bifurcation does not occur. 



7.2.2 Special Case: Pure CCL 

Next, consider a special case that the load is a pure CCL [Rq = oo and the total effective resistance 
R = v/Io), for example. For Iq > 0, based on (j39p . one has p < 1 and the converter is generally 
stable (without occurrence of saddle-node bifurcation). For Iq < 0, based on (I39p . one has p > 1 and 
the converter is unstable. This result is reasonable because it agrees with the fact that, for /„ < 0, 
the capacitor voltage keeps increasing and there is no T-periodic orbit. Subharmonic oscillation 
(with p < —1) may occur if M < 2RC / {2RC — pT), which is rare because another condition with 
M > 1/(1 — 1?) for the boost converter is required in DCM. 

In the following two examples, the resistive load in Example 1 is replaced by a non-resistive 
load (but keeping the same effective resistance i? = 20 0) to see the effects of different non-resistive 
loads. 

In Example 4, the load is a pure CCL. With Iq > 0, the pole is shifted to the right. In Example 
5, the load is a pure CCL in parallel with a resistor. With /q < 0, the pole is shifted to the left. 
The other converter parameters remain the same as in Example 1. 

Example 4. (With Iq > 0, the pole is shifted to the right, confirmed with time simulation.) Let 
the load be a pure CCL with = 0.9175. From M = 3.67. With v = Mvs = 18.35, the 
effective resistance is R = v/Io = 20 Based on the exact switching model, the exact pole is 
0.9829, shifted from the open-loop pole 0.9707 by 0.0122. 

Accuracy of prediction. The estimated pole from (j39p is 0.9828, close to the exact pole 
0.9829. The estimated pole shifting ([SHD due to CCL is Api = pTIo/vC = 0.0125, also agreed 
closely with the pole shifting 0.0122 based on the exact switching model. 

Verification by time-domain simulation. A (cycle-by-cycle) simulation is made to confirm 
the pole location. Since Vn+i = pvn, given an initial perturbation %, at the end of n-th cycle, one 
has Vn = p^vq. The value of pole determines how fast Vn converges to the fixed point v. 

Let the circuit starts with an initial condition {ilo^vq) = (0, 19) for a period of 20T, shown in 
Fig. mi The prediction of the discrete-time model ^ marked as * is close to the time plot. The 
circuit starts with an initial deviation vq = vq — v = I'd — 18.4175 = 0.5825. The deviation (from 
the fixed point) {)„ decays at a rate of p = 0.9829. At the end of the time period 20T, the deviation 
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8.4- 

10 20 

Time (Second) ^ ^q-s 



Figure 12: Time simulation of a boost converter with a pure CCL (with = 0.9175). The discrete- 
time model prediction marked as * for w„ is close to the time plot. 

becomes V20 = p'^^vq = 0.412 and ^20 = 18.4175 + 0.412 = 18.83, agreed with the time plot shown 
in Fig. [I2I □ 



Example 5. ( With Iq < 0, the pole is shifted to the left, confirmed with time simulation.) Let 
the load be a CCL with Iq = —0.9175 (negative) in parallel with a resistor Rq = 10 ft. With 
V = Mvs = 18.35, the total effective resistance is Rq \\ (v/Iq) = 20 Q. Based on the exact switching 
model, the exact pole is 0.9586, with a pole shifting (from the open-loop pole 0.9707) being -0.0121. 

Accuracy of prediction. The estimated pole from ()39p is 0.9578, close to the exact pole 
0.9586. The estimated pole shifting ([38|) due to CCL is Api = pTIg/vC = —0.0125, also agreed 
closely with the pole shifting -0.0121 based on the exact switching model. 

Verification by time-domain simulation. A time simulation is made to confirm the pole 
location. Let the circuit starts with an initial condition {iio, vo) = (0, 19) for a period of 20T, shown 
in Fig. [T3j The discrete-time model prediction marked as * is close to the time plot. The circuit 
starts with an initial deviation % and the deviation decays at a rate of p = 0.9586. Compared with 
Fig. [T2j Fig. [13] shows a faster decay due to a smaller pole. □ 

8 Buck Converter 

Generally, the pole shifting due to the non-resistive load is converter-independent, and the results 
derived above can be readily extended to the buck converter. The same pole shifting Api for the 
boost converter can be applied to the buck converter. 

8.1 Scheme Four (S4): Buck Converter with a Pure CPL 
8.1.1 Open-Loop Power Stage 

From (j36p and (j32p . the power stage pole for the buck converter with a pure CPL (with the total 
effective resistance R = v"^ /P) is 

pT , M , pTP , M , 

which is stable [12] and agreed with \20\ Eq. 17]. 
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Time (Second) 



Figure 13: Time simulation of a boost converter with a CCL (with = —0.9175) in parallel with 
a resistor Rq = 10. The discrete-time model prediction marked as * for Vn is close to the time plot. 



8.1.2 Current Mode Control (CMC) 

From (j36p and (|33p . the pole for the CMC buck converter with a pure CPL is 



p = Po + Ap, + Api = l- —{- —) = 1 - 



RC l-M 



v^C l-M 



(41) 



which is unstable (with p > 1) if no compensating ramp is added {nic = 1). A ramp with rric > 2 
(or equivalently, lUa > mi) is required to stabilize the converter. 

8.2 Scheme Five (S5): Buck Converter with a Pure CCL 
8.2.1 Open-Loop Pov^er Stage 

From (]38p and (I32p . the power stage pole for the buck converter with a pure CCL (with the total 
effective resistance R = v/Iq) is 



pT , 1 
P = Pq^ l\pi = \- — — ( 



RC^\- M' 



vC 



(42) 



For Iq > 0, one has p < 1 and the converter is generally stable. For 1^ < 0, one has p > 1 and the 
converter is unstable. Subharmonic oscillation (with p < —1) may occur if M > 1 — pT/2RC (close 
to 1), which is rare because another condition [10] with M < D for the buck converter is required 
in DCM. 



8.2.2 Current Mode Control (CMC) 

From (I38p and ()33p . the pole for the CMC buck converter with a pure CCL is 



1 



pTIp 

vC 4 - M ■ 



(43) 



which is unstable with p> I, for example, if Iq > 0, M > 1/2 and no compensating ramp is added 
{nic = 1)- Saddle- node bifurcation occurs when M = 1/2. The existence of saddle- node bifurcation 
can be proved in another way based on steady-state analysis discussed next. 
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Table 3: Poles for boost and buck converters with pure CPL or CCL. 

Boost converter Buck converter 



Pue CPL {Ro = 00), Api = '^ 
Power stage 

CMC 



Pue CCL {Ro = 00), Api = ^ 
Power stage 

CMC 

(Poles may be also unstable if R < 0.) 



1 



RC^ 

(same as above) 



1 _ pT ( M \ 
^ RC\M-1) 



(same as above) 



RC 



2AI 

mc ■ 



1_ 

unstable if mp < 2 



1 



rc\i-m) 

PT 



RCV 1- 



unstable if rric < 2M 



From ([3T]) . in steady state (to determine the fixed points), let D„ = D, Vgn = Vs and Vn+i 
Vn = V = Mvg- Then ([3T|) leads to a steady-state equation, 



- M 



2TIoVs 

which is a quadratic equation of M and has two solutions. 







(44) 



2 V 4 2TIoVs 



(45) 



The stable solution (fixed point) has M < 1/2 and the unstable solution has M > 1/2. From (I45p . 
the two solutions coalesce and thus the saddle- node bifurcation occurs when M = 1/2 and 



2L 



(46) 



From (j43p . a ramp with rric > 2M (or equivalently, rria > {2M — l)mi) is required to stabilize the 
converter. 

A summary of poles for boost and buck converters with pure CPL or CCL {Rq = 00) is given 
in Table S 

Example 6. {Saddle-node bifurcation with coexistence of a stable orbit and an unstable orbit, 
confirmed with time simulation.) Consider a CMC buck converter with = 5 V, /s = 200 kHz, 
L = 5 /xH, C = 40 /xF, and Vc = 0.9 A. The load is a pure CCL with h = 0.4 A. 

Results based on the exact switching model. Based on the exact switching model, there 
coexist two T-periodic orbits shown in Fig. [T3] in the time domain and Fig. [15] in state space. The 
two orbits have the same peak inductor current set by Vc = 0.9. They also have the same average 
inductor current 0.4, which equals to Iq. The first orbit has M = 0.28, v = Mvs = 1.4 and its pole 
is 0.9785, which is stable. The second orbit has M = 0.72, v = Mvg = 3.6 and its pole is 1.022, 
which is unstable. 



19 



-0.1 

1 2 3 4 5 

Time (Second) ^ ^q-s 

Figure 14: Coexistence of a stable orbit (solid line) and an unstable orbit (dashed line) in time 
domain, Vc = 0.9. 



Results based on the discrete-time model. From ()43p . the poles for these two orbits are 
0.9785 and 1.022, respectively, agreed exactly with the exact switching model. If Vc = 1, the two 
orbits (now with M = 1/2) coalesce and the saddle-node bifurcation occurs, predicted exactly by 

(USD. 

Simulation verification. Two time simulations are made to verify the stability and instability 
of the poles. First, let the circuit starts with an initial condition {ilo^vo) = (0,1.5) for a period 
of 200T, shown in Fig. [TBI The circuit starts with an initial deviation vq = 0.15 — 0.14 = 0.1 and 
the deviation decays at a rate of p = 0.9785. At the end of the time period 200T, the deviation 
becomes 'O200 = P^^^vq = 0.0013, and the state trajectory of the capacitor voltage converges toward 
the expected stable fixed point v = Mvg = 1.4. 

Next, let the circuit starts with an initial condition (iLOi'^'o) = (0,3.7) for a period of 50T, 
shown in Fig. [T71 The circuit starts with an initial deviation vq = 3.7 — 3.6 = 0.1 and the 
deviation grows at a rate of p = 1.0215. At the end of the time period 50T, the deviation grows 
to uso = p^^vq = 0.029, and the state trajectory of the capacitor voltage moves away from the 
unstable fixed point v = Mvg = 3.6. 

These two time simulations confirm the stability and instability of the two orbits shown in 
Fig. [m Similar to the discussion in |13] , if the circuit starts with an initial condition with = 
and V < 3.6, the state trajectory will converge toward the stable fixed point (with v = lA). If the 
circuit starts with an initial condition with i^ = and v > 3.6, the state trajectory will move away 
from the unstable fixed point (with v = 3.6). □ 

Part III 

Variable Frequency Control 

Similar analysis can be applied to variable frequency control, such as valley voltage constant- 
on-time control (denoted here as V-COTC) [25] or boundary (borderline) conduction mode (BCM) 
|16 1 I17 1 [2T]. The BCM is also called critical conduction mode. Variable switching frequency is 
generally applied for ripple-based control |26j where only simple static feedback (instead of high- 
order dynamic feedback) is required. 
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Figure 15: Coexistence of a stable orbit (solid line) and an unstable orbit (dashed line) in state 
space, Vc = 0.9. 



1.52 




0.2 0.4 0.6 0.8 1 

Time (Second) xlO"^ 

Figure 16: The circuit starts with an initial condition {iloiVq) = (0,1.5) for a period of 200T. 
The state trajectory of the capacitor voltage converges toward the expected stable fixed point 
V = Mvs = 1.4. 



In the variable frequency control, the n-th cycle period T„ is not fixed. An illustrative signal plot 
of is shown in Fig. [18l There are two feedback variables dn and r„. Without loss of generality, 
only a resistive load is considered and hence Rn = R. With a non-resistive load, the pole is just 
shifted by Api as discussed in Sec. [3 

9 Scheme Six {Sq): Valley Voltage Constant-On-Time Control (V- 
COTC) 

A V-COTC boost converter is shown in Fig. [20l For either a buck converter or a boost converter, 
the operation of V-COTC is as follows. In a variable cycle period r„ which has three stages, the 
switch is turned on in the first stage for a fixed time duration d = DT (hence dn = d and D„ = D), 
the switch is turned off and the diode is turned on in the second stage (for a time duration D2T), 
and the switch is turned on again at t = X^^Li Ti (or at t = T„ within the cycle) when Vq drops 
below a control signal Vc plus a compensating ramp with a slope m^. This control scheme puts a 
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Figure 17: The circuit starts with an initial condition (iloiVq) = (0,3.7) for a period of SOT. The 
state trajectory of the capacitor voltage moves away from the unstable fixed point v = Mvg = 3.6. 




Figure 18: An illustrative signal plot of in each cycle for DCM under variable frequency control. 



9{Vn,Vsn,Vcn,Tn) = 



Vn+l = f{Vn,Vsn,Tn) 



Figure 19: Closed-loop large-signal dynamics for V-COTC. 
constraint equation j22j at the end of the n-th cycle (at the switching instant t = X^^Li Ti): 

giVn,Vsn, Vcn, Tn) = " Vcn " rUaTn = 

From ([T]), the power stage dynamics is 



Vn+l = f{Vn,Vsn,Tn) = (1 - ^^)Vn + 



pd?v 



■2„.2 
sn 



RC 2LC{Vn-Vs 



(47) 



(48) 



The closed-loop dynamics is shown in Fig. UM 
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Figure 20: A boost converter under V-COTC. 



The closed-loop pole (also valid for the buck converter) is 

^ " d^~dj^^dj\^ 'a^ ^^^^ 

= Po-i ^'l )Po (50) 

:= po + Apc (51) 

Without the ramp (ttIq = 0), one has Apc = —po and p = 0, resulting a deadbeat effect [TO]. 
Adding the ramp removes the deadbeat effect. 

A converter generally has two dynamic variables associated with the inductor current and the 
capacitor voltage, and hence has two poles. In DCM, the pole associated with the inductor current 
is zero. With the constant-on-time control, the second pole associated with the capacitor voltage 
is also zero, agreed with [9]. 

10 Scheme Seven (§7): Boundary Conduction Mode (BCM) 

The BCM can be considered as a special case of DCM and CCM. An illustrative signal plot of is 
shown in Fig. [2T] The operation of BCM is as follows. Within the n-th cycle, the switch is turned 
on for a period dn, and the switch is turned off at t = T„ when ii = 0. The cycle period r„ is 
the sum of the on-time {dn) and the off-time (T„ — dn)- By simple algebra based on the inductor 
current slopes for the on-time and the off-time, the cycle period Tn for BCM can be proved to be 
proportional to the on-time dn- For the boost converter, 

Tn = (52) 



For the buck converter, 



dnVsn /troN 

(53) 



Thus, Tn is a function of dn and it can be internalized into the closed-loop dynamics (shown later). 

Two BCM schemes are considered. In the first scheme, the first stage has variable on-time 
dn- The switch is turned off at t = d„ within a cycle when ii = v^n- This control scheme puts a 
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Figure 21: An illustrative signal plot of in each cycle for BCM. 



Turned on at ~ 
Turned off at il = 



to switch 



+ 

VsQ 



r«--'VVV\_4 

L 



■IL 



V C 

T 



1 

R 

J 



Figure 22: A boost converter under BCM. 



constraint equation (similar to (|25p ) at the switching instant t = dn within the cycle. For the boost 
converter, 



dn 



For the buck converter, 



dr, 



VcnL 



(54) 



(55) 



In the second scheme, the first stage has constant on-time dn = d = DT, instead of variable 
on-time. For simplicity, the first scheme is denoted here simply as BCM, and the second scheme is 
denoted as BCM-COT. 

Since the BCM can be considered as a special case of DCM and CCM, the steady-state equations 
for DCM and CCM can be applied in BCM. The following steady-state equations are used through- 
out the paper to simplify the small-signal dynamics. From ([3]) and Q, for the boost converter in 
DCM, one has D = y^KMpf^^- For the boost converter in BCM (operating at the CCM-DCM 
boundary), K = D{1 - Df = (M - l)/M^. For the buck converter in DCM, from jlOl p. 124], 
D = ^/KW^/^i- M). For the buck converter in BCM, K = 1- D = 1- M. 
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Figure 23: Closed-loop large-signal dynamics for BCM. 



10.1 Boost Converter 

10.1.1 BCM with Variable On-Time 

A BCM boost converter is shown in Fig. [22j From ()52p . similar to (j48p . the large-signal dynamics 
is 



Vn+l = f{Vn,Vsn,dn) = (1 



)Vn + 



(56) 



RC{Vn-Vsn)' 2LC{V 

n Vgn ) 

where the constraint equation for d„ is shown in (|54p . The dynamics is shown in Fig. [23l where 
the dynamic variable T„ is internalized. 

By taking partial derivatives of (|56p . the small-signal dynamics is 



Vn+l = (1 - -fTTTJVn + „^ Vsn + TrTTTT^^cn 



RC 



2CM 



(57) 



The pole is stable and its location agrees with |T6] by a simple continuous-to-discrete mapping. 
From ([57|) . the DC gain of control-to-output transfer function is 



(58) 



agreed with [21]. Similarly from (j57|) . the DC gain of audio-susceptibility is 

7^os(l) = Y 

also agreed with [16] . 



(59) 



10.1.2 BCM with Constant On-Time (BCM-COT) 

A BCM-COT boost converter is shown in Fig.[25j By setting dn = d = DT in (j56p . the large-signal 
dynamics is 



Vn+l = f{Vn,Vsn) = (1 



pdvn s pd^vl^ 



RC{Vn - Vsn) 2LC{Vn - Vgn) 

The dynamics is shown in Fig. [2^ where the dynamic variable r„ is internalized. 

By taking partial derivatives of the large-signal dynamics, the small-signal dynamics is 



(60) 



f2 



-n+l = (l-^)-n + ^(^^. 



(61) 
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Figure 24: Large-signal dynamics for BCM-COT. 
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Figure 25: A boost converter under BCM-COT. 




Figure 26: The circuit starts with an initial condition [ilo-, vq) = (0, 19) for 150 cycles. The sampled 
state trajectory of the capacitor voltage Vn converges toward v = 18.787. 



Example 7. { The discrete-time model accurately predicts the pole location, confirmed with time 
simulation.) Consider a BCM-COT boost converter with parameters = 5 V, i? = 20 $7, L = 5 
/iH, C = 40 //F, Rc = 0, and d = 7 i^s. 

A time simulation is made to confirm the pole location. Let the circuit starts with an initial 
condition {iLO,vo) = (0, 19) for 150 cycles (with a variable period in each cycle), shown in Fig. [26l 
The circuit starts with an initial deviation vq = 0.213 and the deviation decays at a rate of p = 0.975. 
At the end of the 150 cycles, the deviation becomes vi^q = p^^^vo = 0.0048, and the sampled state 
trajectory of the capacitor voltage Vn converges toward the fixed point v = 18.787. □ 



26 



10.2 Buck Converter 



10.2.1 BCM with Variable On-Time 

From ()53p . similar to ()3ip . the large-signal dynamics for the BCM buck converter is 



where the constraint equation for dn is shown in (j55p . 

By taking partial derivatives of (j62p . the small-signal dynamics is 



■0„+i = (1 - ;^)^>n + l^^cn (63) 



The pole is stable and its location agrees with |16j . From (I63p . the DC gain of control-to-output 
transfer function is 

Toc{l) = f (64) 

agreed with [16]. Similarly from (j63p which does not have a term associated with v^n^ the audio- 
susceptibility is zero, also agreed with [TU] . 

10.2.2 BCM with Constant On-Time (BCM-COT) 

By setting d„ = d = DT in (I62p . the large-signal dynamics for the BCM-COT buck converter is 
By taking partial derivatives of the large-signal dynamics, the small-signal dynamics is 

-n+l = (1 - ^)^^n + Ji^iY^)^sn (66) 

A summary for boost and buck converters with variable frequency control is given in Tabled! 



11 Conclusion 

A simple one-dimensional discrete-time model is used to analyze the boost converter in discon- 
tinuous conduction mode. Boost and buck converters in seven different schemes are analyzed 
systematically. The linearized dynamics is obtained simply by taking partial derivatives with re- 
spect to dynamic variables. The discrete-time model provides a simpler alternative (different from 
the circuit-averaging approach) to design or analyze the converter. The key results are summarized 
in Tables EB 

In the discrete-time model, there is only a single pole and no zero. The single closed-loop pole 
is a linear combination of three terms: the open-loop pole, a term due to the control scheme, and a 
term due to the non-resistive load. Even with a single pole, the phase response of the discrete-time 
model can go beyond -90 degrees as in the two-pole average models. 

In the boost converter with a resistive load under current mode control, adding the compensating 
ramp has no effect on the pole location. Increasing the ramp slope decreases the DC gain of control- 
to-output transfer function and increases the audio-susceptibility. The ramp, beneficial in CCM to 
stabilize the current loop, may be unnecessary in DCM since the current loop is not oscillatory. 
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Table 4: Summary for boost and buck converters with variable frequency control, some agreed with 
past research results [TUIET]. 

Boost converter Buck converter 



V-COTC 
















Pole, p 






RC 




ma 




Pole, nia = (no ramp) 




0, dead-beat 




0, 


dead-beat 




BCM 
















Pole, p 




1 - 


2pT 
RC 


[161 


1 


pT 
RC 


ITS! 


DC gain, Toc{l) 




R 

4M 




m 


R 
2 
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Audio-susceptibility, T^g 
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M 
2 




m 
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BCM-COT 
















Pole, p 




1 - 


2pT 
RC 




1 


pT^ 
2LC 




Audio-susceptibility, Tog 


(1) 


AI~ 


1 




KM 
1-M 





Similar analysis is applied to the buck converter with a non-resistive load or variable switching 
frequency. The derived dynamics agrees closely with the exact switching model and the past 
research results. Similar analysis can be applied to other types of converters in DCM. The derived 
discrete-time models can be also applied to other applications, such as power factor correction and 
digital control of DC-DC converters. 
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